A numerical method for solving the thermoelastic problem in heterogeneous polycrystals based on fast Fourier transforms is applied to thermal barrier coating systems. Several high resolution microstructures are generated synthetically to approximate thermal barrier coatings, with control over the grain size, grain morphology, and texture. Interfaces between coating layer materials are further modified by applying a localized Potts model to introduce interface rumpling. The global results of residual stress and elastic energy density are compared across the various microstructure instantiations. The local variations in elastic energy density are correlated to the amount of interface rumpling. The simulation result are also compared to an analytical result for an idealized interface morphology. The implications of the behavior of the local variations in elastic energy density are discussed in the context of thermal barrier coating failure.
Introduction
Structural metallic components operating in gas turbine engines are often exposed to extreme levels of temperature [1, 2] . In such systems, it is desirable to increase the operating temperature, thereby improving efficiency and performance [3, 4] . However, the mechanical properties of the metallic component must remain constant at elevated temperatures to avoid the potential for failure [5] . In order to provide insulation and protection for the metallic component, it is common to apply a ceramic coat to the metallic surface in contact with the combustion gas. These thermal barrier coating (TBC) systems, along with sufficient internal cooling, are capable of reducing the surface temperature of the alloy up to 100
• C [6] . This allows operating temperatures above the melting point of the metallic component (∼1300
• C for a nickel based superalloy) [6] . TBC systems consist of several layers, including the structural metallic substrate, a metallic bond coat (BC), a ceramic thermally grown oxide (TGO), and a ceramic top coat (TC). The entire TBC system is subject to extreme variations in temperature, resulting in the development of significant thermal residual stresses attributed to the thermal expansion mismatch between layers and the intrinsic anisotropy in each layer [7, 8] . These residual stresses can lead to the development of defects at the interfaces between constituent TBC layers known as "rumpling" [9] [10] [11] . The rumpling is a result of the TGO attempting to relax the strain energy associated with its intrinsic residual stress. Due to the thermal expansion mismatch between the BC and TGO, the TGO will develop compressive stresses within the plane normal to the interface on cooling [10, 11] . To accommodate these residual stresses, the TGO will attempt to lengthen itself by displacements out of the interface plane [6, 9] . The resulting stresses will then redistribute around the rumpling features [9, 10] . The undulations may also continue to grow via a process known as "ratcheting" [9, 12] . The growth of such interface features causes stress localization, eventually leading to cracking at the BC/TGO or TGO/TC interfaces. The source of the macroscale cracking is thus tied to a microstructurally local phenomenon.
Experimental assessment of TBC failure is essential for determining a limiting lifetime for components, but does little to reveal the local origins of failure [13] [14] [15] [16] . Additionally, nondestructive measurements of residual stress are generally restricted to the macroscale [17, 18] . Modeling provides an opportunity to investigate local residual stresses in TBC systems. In the present analysis, we utilize a spectral approach based on fast Fourier transforms (FFTs) to solve the constitutive equations related to thermal residual stress. This approach provides the possibility for O(n log n) scaling, where n is the number of nodes utilized in the simulation [19] . Comparable finite element methods (FEM) generally scale as O(n 2 ) and require a meshing procedure, inevitably leading to overall longer compute times. Since the present technique is image based, no meshing is needed, allowing for complex microstructures to be assessed.
The Thermoelastic FFT Method
In classical linear elasticity, stress and strain are related via Hooke's Law:
where σ ij is the stress tensor and C ijkl is the elastic stiffness tensor. Einstein notation is used to simplify the present tensor manipulations, where repeated indices indicate summations. Thermal expansion and elasticity are coupled together by the concept of eigenstrains. An eigenstrain is a strain that develops without the application of an external stress. Such stress-free strains arise when a material undergoes a volume change, such as from thermal expansion [20, 21] . By rearranging equation 1, the total strain can be written as follows:
where ij (x) is the total strain, C −1
ijkl (x) is the elastic compliance tensor, C −1
ijkl (x)σ kl (x) = e ij (x) is the elastic strain, and * ij (x) is the eigenstrain. Here, the quantities are written as functions of a position vector, x. In the present context, the eigenstrain is a thermal strain that results from the action of a temperature change: * ij (x) = α ij (x)∆T (3) where α(x) is the thermal expansion coefficient tensor defined over space, which determines the change in eigenstrain for a unit temperature increment. Note that it is assumed that the thermal expansion coefficient remains constant over ∆T [22] . Equation 2 may be inverted to obtain a representation of stress is:
The sources of the residual stresses in TBCs include the thermal expansion mismatch between component layers, the inherent thermal expansion anisotropy of any non-cubic phases, and the volume change associated with the growth of the TGO. The growth stresses of the TGO are, however, no more than an order of magnitude smaller than the thermal residual stresses [6, 9, [23] [24] [25] . However, the numerical approach used here only models the stresses that develop due to the eigenstrains that arise from equation 3 . A solution to the thermoelastic problem involves solving equations 2 and 4 with prescribed boundary conditions, namely stress equilibrium [26] σ ij,j (x) = 0
along with compatibility. Comma notation is now used in indices to indicate partial differentiation. Equation 5 represents local static equilibrium absent any real body forces. Stress equilibrium is required for the volume to remain static, while compatibility ensures that when the volume is subjected to a displacement field, a unique strain field is obtained. Compatibility requires that the volume remains well connected, precluding the development of voids. Assuming compatibility is satisfied, the following equation can be used as a second boundary condition [26] :
The derivation of the solution to the thermoelastic problem using FFTs is described in detail by Anglin [22, 27] . Begin by defining a homogeneous reference medium with corresponding elastic stiffness coefficients C
• ijkl , which are the point average of C ijkl (x) over the entire volume. The use of a homogeneous reference medium was first described by Moulinec and Suquet [28] for use in computing the elastic response of composites. An overall strain state, E ij , is applied to this homogeneous reference, resulting in local perturbations in the stress field, τ ij (x). This perturbation field, commonly referred to as a polarization field, is a function of the heterogeneous elastic properties and thermal strains in the volume [22] :
Modifying Hooke's law with incorporated eigenstrains to include the homogeneous reference medium leads to the following equation:
Combining equation 8 with equations 5 and 6 yields the following:
where u k is the displacement vector along the x k direction. A Green's function approach is used to solve equation 9 [29] . Replacing the displacement vector with the periodic Green's function, G km (x − x ) yields:
where G km,lj (x−x ) represents the displacement in the x k direction, δ im is the Kronecker delta, and δ(x−x ) is the Dirac delta function. A singularity in the periodic Green's function exists at x = x ; therefore, to ensure a solution a this point, fluctuation fields are solved for as opposed to absolute fields, hence the use of the homogeneous reference medium. In order to calculate the strain fields, the fluctuation of the displacement field must be found by applying the periodic Green's function to the perturbation in the stress field:
Thus, the periodic Green's function is convolved with the perturbations in the stress field. By applying compatibility to equation 11, the fluctuation of the displacement field is converted to the fluctuation of the strain field:˜ ij (x) = E ij + sym V G ik,jl (x − x )τ kl (x )dx (12) where sym indicates the symmetric part of the second-order tensor result of the convolution integral. In frequency space, convolution integrals become simple tensor products. Taking the Fourier transform of equation 10 yields the following: C
• ijkl ξ l ξ jĜkm (k) = δ im (13) where 'ˆ' indicates the Fourier transform and ξ l and ξ j are the l th and j th components of the wave vector, respectively. Variables in Fourier space are now written with respect to k to differentiate from real space position x. Rearranging equation 13 to find an explicit representation of the periodic Green's function in frequency space results in the following equation:
whereΓ
• ijkl (k) has replacedĜ ik,jl (k). An augmented Lagrangian method is used to improve the convergence of the thermoelastic FFT algorithm. This Lagrangian approach was first proposed by Michel et al. for use in linear and non-linear elasticity in composites [30, 31] . The augmented Lagrangian solves an additional problem for the non-linear response of the volume at each iteration. Additional stress and strain fields, represented as λ(x) and e(x), respectively, are defined. The non-linear response equation for each iteration is then:
where w is the elastic energy density and δw δe is σ(x). Here, ' : ' represents a double tensor contraction over indices. The non-linear stress field for each iteration is expressed as follows:
Both the stress (λ i (x)) and strain (e i (x)) fields associated with the augmented Lagrangian will converge to their corresponding thermoelastic FFT representations (σ i (x) and i (x), respectively) [27] . Iterations for the thermoelastic FFT algorithm begin by initializing the total applied strain field, E, the local stress field, λ(x), and the total local strain field, e(x):
Since the only stresses of present interest are those due to the anisotropy in thermal expansion of neighboring grains, the overall stress state, Σ, is considered to be zero. Given the initialized fields above, iteration i proceeds as follows:
Solve for the stress perturbation field given the previous iteration's augmented fields.
2.τ i (k) = F(τ i (x))
Transform the stress perturbation field into frequency space.
i (x) = E
Solve for the total strain field in real space by computing the tensor multiplication of the frequency space Green's function and stress perturbation field and then applying an inverse Fourier transform. 4 .
Solve for the total stress field in real space using the real space strain field and the augmented fields.
5.
Solve for the current iteration's augmented strain field.
Solve for the current iteration's augmented stress field.
Recompute the overall strain state.
Iterations continue for either a preset amount or until a suitably small error is achieved. Errors in the stress and strain field errors are computed as follows:
where ||σ i || = √ σ i σ i and . is the average for all x, with the same calculations for strain.
Synthetic Structure Generation
The thermoelastic FFT is image based, requiring a domain discretized by a regular grid, termed a Fourier grid. In the present work, a rectilinear grid is used for simplicity. Figure 1 shows an underlying 2D microstructure image and its discretization. The microstructure image may be obtained from experimental procedures or generated synthetically. Any experimentally measured microstructures must be obtained using a form of orientation imaging, such as EBSD, since the thermoelastic FFT method requires orientation information. The thickness of TBC systems makes 3D experimental characterization impractical. Additionally, a variety of interface morphologies are desirable, in order to assess the effect of local microstructural features. These issues are overcome by using synthetic microstructures. The digital microstructures presented here were generated using the DREAM.3D application [32] . To construct a synthetic microstructure, a set of descriptive statistics are required. These statistics include the grain size distribution, which includes the grain morphology, as defined by the ratios of the semiaxes of an ellipsoid, and the orientation distribution. Control over the grain morphology allows for both equiaxed and columnar grains to be created. Additionally, the texture can be varied by altering the orientation distribution function (ODF) and the axis orientation distribution function (axis ODF). Based on the input microstructure statistics, DREAM.3D packs pseudograins of a predetermined shape class and proceeds to iteratively grow them via a cellular automaton. Synthetic structures can be forced to be periodic (i.e., for a field u at time t, u(x +îL, t) = u(x, t) and u(y +ĵL, t) = u(y, t), where L is the size of the domain). Since the thermoelastic FFT requires periodic boundaries, structures created within DREAM.3D are always forced to have periodic grain structures. Although DREAM.3D supports the creation of multiphase microstructures, it does not support the explicit creation of layered structures, such as those seen in TBCs. To circumvent this, each layer of the composite TBC is generated separately. The resulting layers are then "stitched" together along the z-axis to form a continuous microstructure. The procedure requires that all layers share the same x and y dimensions. The stitching process is shown schematically in Figure 2 . The interfaces created with the stitching process are inherently flat. To approximate rumpled interfaces, a localized Potts grain growth model is used to allow for grain relaxation near the layer interfaces.
The instantiation of the Potts model used is purely stochastic. The algorithm begins by selecting a random voxel within the digitized microstructure (n 1 ). After choosing a voxel and determining its grain identification (or "spin"), the nearest neighbor voxels and their spins are identified. A random spin is chosen from this neighbor set (n 2 ). To compute the energy change for a possible spin flip, the algorithm iterates over the set of nearest neighbors and compares each neighbor spin (n 3 ) to the original spin (n 1 ) and the randomly chosen neighbor spin (n 2 ) [33] . The comparison between n 1 and n 2 produces an energy value of E 1 whereas the comparison between n 2 and n 3 produces an energy value of E 2 . If spin values match, then an energy value of zero is assigned, whereas if spins values differ, an energy value of one is assigned [33] . The local energy change, dE, is then E 2 -E 1 . The total energy change, dE tot , is the sum of dE for all nearest neighbors. If dE tot is less than 0, then a spin flip occurs, and n 1 becomes n 2 . If, however, dE tot is greater than 0, an additional comparison is made. A random value on the interval [0,1] is chosen and compared to the Boltzmann factor, e dE tot kT . If the random value is less than the Boltzmann factor, a spin flip also occurs. kT here represents a lattice temperature that controls interface roughness by allowing fluctuations in position [33] . If neither of these conditionals is met, no spin flip occurs.
A total of eight high resolution synthetic microstructures were generated for this study. Four of the structures utilize a columnar TC, associated with manufacturing via electron beam physical vapor deposition (EB-PVD). The remaining four microstructures exhibit a splat TC, associated with manufacturing via air plasma spraying (APS). Additionally, the texture within the TGO was varied as either random or fiber. Finally, interface rumpling was introduced in half the microstructures using the above localized Potts model technique. Grain maps for the eight microstructures are shown in Figure 3 . The above microstructures are all instantiated on 315 3 Fourier grids. The substrate, BC, and TC are each 100 voxels thick, while the TGO is 15 voxels thick, for all microstructures. This ratio roughly corresponds to the actual ratio of thicknesses in real TBC microstructures [6, 9] . The substrate and BC are each composed of nominally equiaxed grains with random textures. The TGO in all cases is composed of columnar grains. The morphology of the TC grains depends on the deposition technique. For the columnar TCs, a strong fiber texture was enforced. Figure 4 shows example inverse pole figure (IPF) maps of the constituent layers of a full synthetic TBC microstructure, with respect to the z direction. The microstructures contained periodic grains to conform to the thermoelastic FFT method. To simulate a free surface, a five voxel thick buffer layer was applied to the top of the TC. The buffer layer serves to circumvent the periodic boundary conditions by introducing a region with infinite elastic compliance, which is achieved by enforcing zero stress [34] . The interface rumpling was induced via the localized Potts model approach described above. The layers ± 5 voxels away from the initially flat interface were allowed to evolve. A clearer view of the interface rumpling is shown in Figure 5 . The images in Figure 5 are example subsets of the images in Figure 3 for regions near the TGO, colored by phase type. The rumpling is clearly visible, indicating that the localized Potts model has the capability to induce significant morphological variation in the BC/TGO and TGO/TC interfaces. Industry standard materials were chosen for the present analysis, shown in Table 1 . The metric α aniso is the ratio of the c-axis thermal expansion coefficient (α c ) and the a-axis thermal expansion coefficient (α a ), which provides a measure of the amount of thermal anisotropy of the material. In addition to the thermal expansion coefficients of each material, the complete elastic stiffness tensor is also required. Since literature data for the elastic stiffness tensor of NiCoCrAlY is sparse, the full set of coefficients were calculated from the isotropic elastic constants from the following equations: (20) where λ is the Lamé constant, µ is the shear modulus, E is the Young's modulus, and ν is Poisson's ratio. Average E and ν values for two phase NiCoCrAlY were utilized [9] . The component C 11 of the elastic stiffness tensor can be determined from the following relation:
TBC
λ = C 12 = νE (1+ν)(1−2ν) µ = C 44 = E 2(1+ν)C 44 = 1 2 (C 11 − C 12 )(21)
Results
The thermoelastic FFT was applied to the microstructures shown in Figure 3 with an enforced ∆T = 1000 K. The algorithm described in Section 2 involves a macroscopic strain state, E. Since the present use case is concerned primarily with the stresses that develop internal to the microstructure, the overall stress state, Σ, is considered to be zero. This assumption reduces the initialization equations 17 for the FFT algorithm:
where . denotes averaging over all x. Since two BC materials were chosen for analysis, a total of sixteen simulations were conducted. The results are presented with reference to the morphology of the TC.
Columnar Top Coats
The maximum principal stress, defined as the largest eigenvalue of the resulting stress tensor, was calculated at each Fourier point. Figure 6 shows the maximum principal stress maps for the eight columnar TC simulations. The color maps in Figure 6 are not drawn to the same scale to highlight individual features of each microstructure. This visually highlights the local variations of the individual microstructures, as opposed to making direct comparisons between the different microstructures. Figures 6 (a-d) display zero maximum principal stress within the bulk of the BC, with fluctuations away from zero near the substrate/BC and BC/TGO interfaces. These features are not unexpected, since these simulations were run using NiCoCrAlY as the BC material. Since isotropic elastic constants and thermal expansion coefficients were used for NiCoCrAlY, no residual stress is expected in the BC bulk. Fluctuations away from zero are therefore due to the thermal expansion mismatch between the BC and its neighboring layers (i.e., the substrate and the TGO).
The highest values of maximum principal stress are observed within the TGO layer. Additionally, for the microstructures containing rumpled interfaces, peaks in maximum principal stress appear to occur near ridges and troughs. In general, higher values of maximum principal stress are observed for microstructures with fiber textured TGOs and rumpled interfaces. Table 3 lists the highest maximum principal stress observed for each of the simulations shown in Figure 6 .
(a) NiCoCrAlY BC, randomly textured TGO, and flat interfaces.
(b) NiCoCrAlY BC, randomly textured TGO, and rumpled interfaces.
(c) NiCoCrAlY BC, fiber textured TGO, and flat interfaces.
(d) NiCoCrAlY BC, fiber textured TGO, and rumpled interfaces.
(e) (Ni,PT)Al BC, randomly textured TGO, and flat interfaces.
(f) (Ni,PT)Al BC, randomly textured TGO, and rumpled interfaces.
(g) (Ni,PT)Al BC, fiber textured TGO, and flat interfaces. (h) (Ni,PT)Al BC, fiber textured TGO, and rumpled interfaces. Table 3 : Highest maximum principal stress for each of the simulations shown in Figure 6 .
The values listed in Table 3 indicate that microstructures with rumpled interfaces exhibit higher peak maximum principal stress than microstructures with flat interfaces. Similarly, microstructures with fiber textured TGOs display higher peak maximum principal stress than microstructures with randomly textured TGOs. Additionally, the (Ni,Pt)Al BCs display higher peak maximum principal stresses when compared to NiCoCrAlY BCs. This trend may simply be due to the isotropic properties assigned to the NiCoCrAlY system. In addition to the maximum principal stress, the elastic energy density (EED) for each of the above eight simulations was calculated at each Fourier point. Figure 7 shows the EED maps for the eight columnar TC simulations.
(g) (Ni,PT)Al BC, fiber textured TGO, and flat interfaces. (h) (Ni,PT)Al BC, fiber textured TGO, and rumpled interfaces. Similar to Figure 6 , the color maps in Figure 7 are not drawn to the same scale to highlight individual features of each microstructure. Figures 7 (a-d) display small amounts of EED within the bulk of the BC, again associated with the nearly zero level of residual stress in the BC due to the enforced isotropic properties of NiCoCrAlY. The highest levels of stored strain energy are observed within the TGO, which agrees with the results from Figure 6 . Peaks in EED appear near ridges and troughs for the microstructures with rumpled interfaces. The maximum EED follows the same trends observed for the maximum principal stress: higher values in the microstructures with fiber textured TGOs and rumpled interfaces. Figure 7 .
The values listed in Table 4 indicate that EED follows the same trend as maximum principal stress: microstructures with rumpled interfaces or fiber textured TGOs exhibit higher maximum EED than microstructures with flat interfaces or randomly textured TGOs. Maximum EED is also significantly higher for the (Ni,Pt)Al BCs when compared to the NiCoCrAlY BCs.
Splat Top Coats
The maximum principal stress maps for the eight splat TC simulations are shown in Figure 8 .
(g) (Ni,PT)Al BC, fiber textured TGO, and flat interfaces. (h) (Ni,PT)Al BC, fiber textured TGO, and rumpled interfaces. The color maps in Figure 8 are not drawn to the same scale to highlight individual features of each microstructure. As with the simulations involving columnar TCs, Figures 8 (a-d) display zero maximum principal stress within the bulk of the BC, with fluctuations away from zero near the substrate/BC and BC/TGO interfaces. This feature is again explained by the isotropic properties used for NiCoCrAlY.
As with the columnar TCs, the highest values of maximum principal stress are observed within the TGO layer. The amount of residual stress within the TGO is roughly similar to that for the TGOs in Figure 6 . Peaks in maximum principal stress are again observed near ridges and troughs for the microstructures with rumpled interfaces. The level of maximum principal stress in the splat TCs is similar to that of the columnar TCs, indicating that the morphology of the TC has little overall effect on the residual stress in that layer.
The peak values of maximum principal stress follow similar patterns to those in the microstructures with columnar TCs. Table 5 : Highest maximum principal stress for each of the simulations shown in Figure 8 .
The values listed in Table 8 confirm the trends seen for columnar TCs. The peak maximum principal stress in the splat TC microstructures is generally smaller than that for the columnar TC microstructures. This feature may be related to the difference in grain morphologies at the TGO/TC interface. In columnar TCs, a strong fiber texture is typically found, such that the c-axes of the TC grains lie nearly parallel to the c-axes of the TGO grains. The splat TCs do not have this enforced texture, and thus any given orientation may exist within the TC. For the columnar TCs, the TGO grains and TC grains will push directly against each other as they thermally expand, resulting in higher peak residual stresses. This behavior is not possible in the splat TCs due to their grain morphology.
The EED for each of the above eight simulations was also calculated at each Fourier point. Figure 9 shows the EED maps for the eight splat TC simulations. (b) NiCoCrAlY BC, randomly textured TGO, and rumpled interfaces.
(g) (Ni,PT)Al BC, fiber textured TGO, and flat interfaces. (h) (Ni,PT)Al BC, fiber textured TGO, and rumpled interfaces. Again, the color maps in Figure 9 are not drawn to the same scale to highlight individual features of each microstructure. Low levels of stored strain energy in the bulk of the BC is again observed for the NiCoCrAlY BCs.
The TGO layer exhibits the highest level of stored strain energy, agreeing with the previously observed patterns. Peaks in EED again appear interface imperfections for the microstructures with rumpled interfaces. Table 6 lists the maximum EED for each of the simulations shown in Figure 9 . Table 6 : Highest EED for each of the simulations shown in Figure 9 .
The values listed in Table 6 indicate that EED in the splat TC microstructures follows the same trends for all other microstructure with regards to interface morphology, TGO texture, and BC material. Peak EED values are generally lower than those associated with columnar TBCs. This behavior agrees with the similar observation for maximum principal stress.
Local Variations in Elastic Energy Density
The above results indicate a potential connection between extreme values in field variables ("hot spots") and interface rumpling. To quantify the distribution of hot spots in relation to the interface rumples, the local EED values were binned for the voxel layers near the material interfaces. Since the localized Potts model was applied to ±5 voxels from the initial interface (termed z ref ), the local EED values are binned by the same distances. The distributions within each of these bins were then drawn as boxplots. A boxplot graphically represents the range of data for a given distribution. The height of the box is the interquartile range (IQR), which is the difference between the 25 th and 75 th percentiles of the distribution. The horizontal center line is the median of the distribution. The whiskers extend above and below the box to 3 2 of the IQR. Any values that lie outside these whiskers are termed outliers, and plotted discretely as points. The boxplots for the BC/TGO interfaces corresponding to randomly textured TGOs are shown in Figure 10 . The color gradient corresponds to the level of elevation, with green representing low relative elevation (i.e., troughs) and red representing high relative elevation (i.e., ridges). In all cases shown, the interface troughs exhibit the highest level of EED. Additionally, for the NiCoCrAlY BCs, the EED values tend to decrease continuously as elevation increases. However, for the (Ni,Pt)Al BCs, the EED levels off at zero relative elevation (which corresponds to z ref ). Outliers appear frequently across multiple elevations. These outliers may correspond to points that sit directly next to high value points belonging to a region of low elevation. Spikes in stress values at interfaces are known to occur in FFT-based simulations, and have been tied to surface roughness at interfaces between materials [22] . Gibbs oscillations are another source of outliers in stress values and these can be mitigated by adopting a discrete Fourier transform with the necessary modifications to the Green's function [35] . In the present microstructure instantiations, the issue of surface roughness is unavoidable due to the application of the Potts model to roughen the interfaces. The outliers are therefore most likely to be artifacts of the rough interfaces. The same procedure used to draw the boxplots shown in Figure 10 can be applied to the BC/TGO interfaces with a fiber textured TGO. These boxplots are shown in Figure 11 . The same general trends are observed for the case of a fiber textured TGO. EED exhibits a peak within the troughs and decreases with increasing elevation. Similar to the interfaces with randomly textured TGOs, a number of outliers are observed; again, these may be points that directly border points of low elevation. The trends in Figure 11 agree with those in Figure 10 , indicating that the texture of the TGO does not impact the overall trend of EED with respect to interface rumpling at the BC/TGO interface. Compared to the BC/TGO interfaces, the TGO/TC interfaces exhibit completely different behavior. Figure 12 shows the boxplots for the EED distributions of the TGO/TC interfaces with random TGO texture. The boxplots shown in Figure 12 show no correlation between elevation and amount of EED. Therefore, unlike for the case at the BC/TGO interface, the amount of rumpling does not appear to influence the distribution of EED across the surface. The same lack of correlation is observed for the TGO/TC interfaces with a fiber textured TGO, as shown in Figure 13 . Again, the amount of EED does not appear to have a direct correlation with elevation at the TGO/TC interface. For columnar TCs, there may be a spike in EED at interface ridges, however the IQR at these features is large enough to overlap with the IQR at other elevations. Therefore, unlike for the BC/TGO interfaces, the relation between hot spots and rumpling at the TGO/TC interfaces appears weak.
Discussion
Comparisons between the behavior of the BC/TGO and TGO/TC interfaces reveal a correlation between EED and interface roughness at the BC/TGO interface but not at the TGO/TC interface. The amount of stored strain energy, however, is comparable between the two interface types, which is apparent by comparing the scales of Figures 11 and 13 . However, the fluctuations in stress within the plane of the BC/TGO interface may serve as a driving force for crack nucleation. Initial crack formation in TBCs often occurs at the BC/TGO interface, which may ultimately serve as the failure plane of the system [6, 9, 15, 16] . The present results concerning the simulated EED gradient at the BC/TGO interface offer an possible explanation for the local driving force for failure. During thermal expansion, two bonded layers of differing thermomechanical properties must experience tensile and compressive strains to remain continuously bonded [10] . In the presence of a rumpled or wavy interface, substantial stresses normal to the interface may be exhibited. It is possible to derive an analytical expression for the upper bound for the behavior of the normal stresses along a roughened interface between two layers, assuming the interface undulations are sinusoidal and the morphology of the coating is cylindrical [10] :
where σ n is the stress normal to the interface at position y, R is the amplitude of the undulations, λ is the undulations, t is the thickness of the coating layer, and ∆ is the mismatch strain, defined as:
where ∆α is the difference in thermal expansion between the two layers and ∆T is the applied temperature difference. Equation 23 also involves the Young's modulus of the top layer, E c , and the Poisson's ratio of the substrate layer, ν s . The value κ is a further relation between the mechanical properties of the two layers, and is defined as follows:
where ν c and E s are the Poisson's ratio and Young's modulus of the top layer and substrate layer, respectively. Equation 23 can be used to approximate the normal stresses along a sinusoidal interface between two bonded layers of differing thermomechanical properties. To compare to the present simulation results, equation 23 was evaluated for the material properties of the BC/TGO and TGO/TC interfaces for a (Ni,Pt)Al BC. Table 7 : Material properties for analytical evaluation of normal stresses [9, 36, 37] .
The values listed in Table 8 were used to approximate the geometric features of the interface undulations.
Interface Type R (µm) a (µm) λ (µm) t (µm) BC/TGO 10 10 0.5 15 TGO/TC 10 10 0.5 100 Since the synthetic structures were instantiated with a per voxel resolution of about 1 µm, an amplitude of 10 µm was used to correspond to the maximum change in elevation of ±5 voxels. Similarly, the thicknesses were set to 15 and 100 µm, to correspond to the voxel thicknesses of the TGO and TC, respectively. The radius and wavelength values are difficult to assign proper values for the present investigation, since the synthetic interfaces do not conform to a cylindrical geometry and the interface undulations are far from sinusoidal. Approximate values of 10 and 0.5 µm were used for these quantities. To complete the comparison with the simulation results, a ∆T of 1000 K was used. The results of equation 23 when evaluated with the parameters in Tables 7 and 8 are shown in Figure 14 . The position of the troughs and ridges of the sinusoidal interface are labeled in Figure 14 . The normal stresses vary with position similarly between the BC/TGO and TGO/TC interfaces, but the peak values are much larger for the BC/TGO interface, likely due to the higher mismatch strain between the BC and TGO compared to the TGO and TC. The stress values are tensile at the troughs and compressive at the ridges. To compare to the simulation results, the normal stresses with computed for the two interface types for the case of the EB-PVD TC and (Ni,Pt)Al BC with fiber textured TGO and plotted against elevation using the boxplot approach. Figure 15 shows the boxplots for the two interface types. Figure 15 shows that despite the morphological differences between the analytical geometry and the synthetic microstructures, the overall trend between normal stress and elevation agree: tensile stresses are associated with low elevations (troughs) and compressive stresses are associated with high elevations (ridges). Addi-tionally, the magnitude of the normal stresses from the simulation results roughly agree with the analytical results, although the simulation tends to underestimate compared to the analytical results. This discrepancy may be due to the stochastic nature of the synthetic interface, as opposed to a continuous sinusoidal interface.
Conclusions
A simulation technique for computing residual stresses and strains based on FFTs was applied to high resolution synthetic microstructures intended to represent TBC systems. Several various microstructure instantiations were created with various microstructure morphologies, such columnar structures from EB-PVD processes or splat structures from APS application. The texture in the TGO layer was also varied to be either random or fiber textured. To approximate rumpling at the TBC interfaces, a localized Potts model was applied to the voxel layers near the interfaces. The results indicate that interface rumpling increases both the maximum stress and maximum EED in the microstructures. Additionally, microstructures with fiber textured TGOs exhibited higher residual stresses than those with randomly textured TGOs. The EED values near the interfaces were also related with the level of interface rumpling. A correlation between EED and interface elevation was observed at the BC/TGO interface, but not at the TGO/TC interface. Additionally, the simulation results compare favorably to analytical results for ideal sinusoidal interfaces.
The present results indicate that the thermoelastic FFT method is a powerful technique for analyzing the thermomechanical behavior of complex systems such as TBCs. A strong advantage of the technique is its ability to asses local microstructural properties while maintaining reasonable scaling. Although the microstructures used here were generated synthetically, the technique is capable of utilizing images obtained experimentally as direct inputs. However, the thermoelastic approach does not include any plastic deformation, which may be present in TBC systems in the form of interface ratcheting and creep. The technique also does not allow for crack nucleation or growth. These limitations will need to be addressed so that future versions of the technique will be able to assess TBC behavior beyond the local origins of failure. 
